Gravitational coupling between intense laser beams can exist. We analyse the gravitational force due to a pulsed Bessel beam and its effect on the probe pulse. It is found that the Bessel beam generates gravitational repulsive forces at small distances and attractive forces at large distance. These forces can be coherently controlled in a medium by introducing a slow light effect through electromagnetic induced transparency.
Introduction
The theory of general relativity states that the source of the gravitational force is due to the stress-energy tensor. Hence, not only mass, but pure energy also can create a gravitational field. Many years ago, Tolman et al [1] showed that a probe pulse is not deflected by an intense laser pulse when the probe pulse propagates parallel to the intense pulse. Scully [2] extended Tolman's work and showed that the probe pulse is reflected by the intense pulse if both pulses propagate in a dielectric waveguide with velocity less than the speed of light. Mallett [3] studied the gravitational field due to a unidirectional ring laser. For acceleration of charged particles, the theory of electromagnetism has parallels to gravitational theory [4] .
Recently, there has been a lot of interest in novel light sources with quantum properties [5, 6] and beams that do not diffract. In particular, the Bessel beam, which was first proposed by Durnin as a diffraction-less electromagnetic wave [7, 8] . The Bessel beam shows many interesting features, such as self-reconstruction [9] , and can be used as a tractor beam [10] . The effect of a Bessel beam on the gravitational force remains a curiosity.
In this paper, we study the gravitational field generated by a Bessel beam. We calculate the weak gravitational field h µν generated by an intense Bessel beam. Then we study the motion of a weak probe pulse under the influence of this gravitational field. We consider the probe pulse propagating parallel to the intense pulse and the deflection of the probe pulse caused by the intense laser, as shown figure 1. We Figure 1 . The figure shows that the intense laser pulse propagates with velocity v in the z direction and the probe pulse propagates parallel to the intense pulse with velocity u and at a distance r from the intense pulse. The probe pulse is deflected a distance dr towards or away from the intense pulse depending on the force the intense pulse generates.
assume there is no other interaction between the intense pulse and probe pulse except the gravitational force caused by the intense pulse. Hence, the deflection of the probe pulse depends 
The linearized Einstein field equation is given by [12] 
where
The electromagnetic field tensor in cylindrical coordinates is given by [13] 
Using equations (15)- (17),
Given that E φ = B r = B z = 0, using equations (6)- (8), and substituting equations (11), (18) and (19) into (14), with the approximations that sin 2 ( 0 ) and cos 2 ( 0 ) equal 1/2, and then ignoring sin( 0 ), which averages to zero over a short time, the stress-energy tensor is given by
Since T = T µ µ = 0, equation (12) becomes
Hence we need to solve
Using the following substitution,
where β = v c , the D'Alembertian can be simplified to the Laplacian
In cylindrical coordinates, the Green function for the Laplacian is given by [14] 
where Q m−1/2 (χ ) is the associated Legendre function of the second kind and
Hence, by using equations (35) and (36), the solution to the differential equations (27)- (31) is given by
where e and f are the limits of integration
Deflection of the probe pulse
We consider now a weak probe pulse propagating parallel to the intense pulse. The probe pulse does not necessarily have to be a Bessel pulse, it can be any kind of pulse of any shape. Any pulse in the vicinity of the intense pulse experiences the exact same gravitational force. In fact, a particle experiences the exact same deflection as the probe pulse.
For an intense pulse travelling with light speed
For an intense beam travelling with a velocity equal to c, the probe pulse motion under the influence of the intense laser field is given by
The interval ds 2 for light is zero, hence
For a probe beam travelling parallel to the intense beam, we consider
Solving the equation gives us the velocity of the probe beam
To get the acceleration, we differentiate equation (43) with respect to t,
For the case where
which give us d 2 z dt 2 = 0. The result is consistent with Tolman's [15] result, which is no gravitational interaction between the intense beam and probe beam if the intense beam propagates with a velocity equal to the speed of light. The probe pulse velocity under the influence of the intense beam is given by
which is also close to the speed of light.
For an intense pulse travelling with speed less than c
For an intense pulse travelling with a velocity significantly less than the speed of light, the probe pulse motion is given by the geodesic equation
where ρ, σ, µ is the summation index according to the Einstein convention, which goes from 1 to 4.
The gravitational force produced by the intense laser pulse will deflect the probe pulse in the r direction, hence µ = 1. Since both the intense and probe pulse move with a velocity less that c, the affine parameter τ can be taken as proper time [16] . Consider a measurement in the laboratory frame, hence τ can be chosen to be the time t and
1 ρσ
where u = dz dt is the velocity of the probe pulse in the z direction and w = dr dt is the velocity of the probe pulse in the r (radial) direction. Since the velocity in the r direction is very small and can be ignored, equation (53) 
Substituting equation (54) into (51), we have the acceleration
) where h µν is given by equation (38) and h µν is given by equation
Equation (55) will be used to compute the results in the figures.
Numerical integration
Equation (55) can be rewritten as
Since h 11 1 due to the small perturbation as a result of the weak gravitational force, we can ignore h 11 , hence
The factors h µν are given by 
where χ and M µν (r ) are given by equations (37) and (41) respectively. The Legendre function Q −1/2 (χ ) can be expressed in terms of the complete elliptic integral of the first kind K(m) as [17] 
The terms in equation (58) are
where (68)
where D − and D + is given by equation (25) and E(m) is the complete elliptic integral of the second kind. Hence, the numerical solution to the acceleration, equation (57), can be obtained by solving equations (66) and (67) numerically.
Analytical solutions assuming a very thin beam
To get the analytical solution, we assume a very thin beam travelling in the z direction at r = p and φ = 0 such that the envelope function is given by
φ). (70) Hence
where e, f and M µν are given by equations (39)- (41) respectively. The χ now becomes
The associated Legendre function of the second kind Q m−1/2 (χ ) can be expressed as [14] Q m−1/2 (χ )
Substituting equation (73) into (71) and integrating over z , we get
with
where ε m is the Neumann factor, that is ε 0 = 1 and ε m = 2 for m ≥ 1 and 2 F 1 is the hypergeometric function defined by
Background EIT medium
The acceleration d 2 r dτ 2 of the probe pulse due to an intense laser pulse is a function of their velocities. Hence, by manipulating the intense laser pulse velocity, v, and probe laser pulse velocity, u, the magnitude of the acceleration can be varied. This can be achieved using the slow light effect from electromagnetic induced transparency (EIT). In an EIT medium, a control laser with intensity I c can control the speed of the probe pulses in an atomic gas by introducing a small group velocity
with strong dispersion in the refractive index Using n + ω
dχ (1) dω we can write
Here, the field dependence enters through the susceptibility given by [18] 
cc . The detunings are given by (ω) = ω − ω ab , c = ν c − ω ac and I c = | c | 2
Hence, using χ (1) and dχ (1) dω for the EIT medium given in equations (83) and (84) and substituting equation (82) into equations (39) and (40) for the intense pulse velocity v and probe pulse velocity u, the velocity v and u can be varied accordingly by using different frequencies for the intense and probe pulses.
Results and discussions
The figures below show the numerical result of the acceleration of the probe pulse in space. All the figures are plotted at t = 0 s with an intense pulse duration T = 10 −9 s, amplitude E 0 = 10 8 and effective cross-sectional area 10 −5 m 2 . The figures shows the acceleration of the probe pulse in space at that instant of time. Scully's paper shows that the probe pulse is deflected towards the intense pulse, which is a gravitational attractive force. However, our result shows both gravitational repulsive force and attractive forces. Figures 3 and 4 show the numerical result of the acceleration of the probe pulse due to the intense laser pulse of frequency ω = 10 14 s −1 in a normal dielectric medium with µ r = 1, ε r = 1.5. Figure 3 shows the acceleration for u = v = 0.9c. It is interesting to note that figure 3 shows that the intense pulse generates a negative acceleration in the region of small r. This repulsive force prevents the two pulses from colliding with each other. The repulsive force is also present if either the strong pulse or the probe pulse has a low velocity. However, if both pulses have small velocities u = v = 10 −6 c, figure 4 shows that the strength of the acceleration reduces and there is no repulsive force. Thus, group velocities close to the speed of light give significantly larger accelerations than slow light pulses. Figure 5 shows the acceleration in an EIT medium when the strong pulse and probe pulse have frequencies ω s = 6.665 × 10 14 s −1 and ω p = 6.9 × 10 14 s −1 , respectively, with the corresponding group velocities of the intense laser pulse, v = v g (ω s ) ≈ 10 7 m s −1 and probe pulse, u = v g (ω p ) ≈ 600 m s −1 , where v g (ω) is the group velocity in the EIT medium given by equation (82). Here, the acceleration is entirely attractive. A similar result is obtained in figure 6 when the frequencies of the pulses are interchanged. We have used the parameters γ ab = γ ac = γ bc = 0.5 × 10 8 Hz, ν c = ω ac = 9 × 10 14 Hz, ω ab = 10 15 Hz, N = 10 17 m −3 , |℘ ab | = 8 × 10 −30 C m, ε b = 1.5, c = 5γ ac . If both pulses have the same frequency with a low velocity and with EIT, the force is the same as the force of both pulses having low velocity without EIT.
To summarize, the gravitation acceleration between the laser pulses has the largest magnitude if both the intense and probe pulse travel with a large velocity near speed of light. Although the analysis is based on the probe pulse, a test particle in the neighbourhood of an intense pulse will experience the exact same force because test particle follows exactly the same geodesic motion as the probe pulse. Hence, a test particle placed near the intense pulse will be attracted or repulsed by the gravitational force generated by the intense laser pulse. However, the repulsive force is absent when the group velocities are significantly reduced. The use of EIT only allows control of the gravitational force, but does not enhance the strength of the gravitational force.
